Complex networks of real-world systems are believed to be controlled by common phenomena, producing structures far from regular or random. Clustering, community structure and assortative mixing by degree are perhaps among most prominent examples of the latter. Although generally accepted for social networks, these properties only partially explain the structure of other networks. We first show that degree-corrected clustering is in contrast to standard definition highly assortative. Yet interesting on its own, we further note that non-social networks contain connected regions with very low clustering. Hence, the structure of real-world networks is beyond communities. We here investigate the concept of functional modules-groups of regularly equivalent nodes-and show that such structures could explain for the properties observed in non-social networks. Real-world networks might be composed of functional modules that are overlaid by communities. We support the latter by proposing a simple network model that generates scale-free small-world networks with tunable clustering and degree mixing. Model has a natural interpretation in many real-world networks, while it also gives insights into an adequate community extraction framework. We also present an algorithm for detection of arbitrary structural modules without any prior knowledge. Algorithm is shown to be superior to state-of-the-art, while application to real-world networks reveals well supported composites of different structural modules that are consistent with the underlying systems. Clear functional modules are identified in all types of networks including social. Our findings thus expose functional modules as another key ingredient of complex real-world networks.
homophily, is the cause of community structure and degree assortativity in real-world networks [21] . Regardless of the latter, there is substantial evidence that communities and assortative mixing appear concurrently with high clustering, properties also captured by many network models in the literature [12, [22] [23] [24] .
However, non-social networks greatly deviate from this picture. Biological and technological networks are in fact degree disassortative-negatively correlatedwhereas information networks usually exhibit no clear degree mixing [9, 25] . Moreover, many real-world networks contain connected regions of nodes with very low clustering, where classical definition of community does not apply (see Fig. 1 ). Although one can still partition the network into well separated groups [26] , several authors have argued that clear communities emerge only in some (parts of) real-world networks [27] [28] [29] [30] . This poses an interesting question: "Are there mesoscopic structures beyond classical communities that could explain for the properties observed in non-social networks?".
The main purpose of this paper is to expose functional modules [30] [31] [32] [33] -groups of regularly equivalent [34] nodes-as a possible answer. Nodes are regularly equivalent if they are linked in the same way to other equivalent nodes (e.g., multi-partite structures). Regular equivalence is a relaxed version of structural equivalence [35] that demands for the nodes to be linked exactly the same. Hence, functional modules refer to groups of nodes that are linked similarly with the rest of the network-have common neighborhoods-and thus perform the same function within the underlying system [30, 36] . Both functional modules and communities can be considered under a general concept of structural modules [37] - Table I . Node sizes are proportional to degrees, whereas symbols correspond to degree-corrected clustering d that ranges from zero (polygons) to one (circles). Observe that d is highly assortative, whereas nodes with particularly high or low d are localized in regions that are characteristic within the underlying system. For example, ignoring nodes with degree one, printing classes in javax software network experience average clustering of only D = 0.176, while D = 0.602 for visualization classes (above and below, respectively). Similarly, liberal and conservative blogs in blogs web graph experience D = 0.435 and D = 0.373 (left-hand and right-hand side, respectively).
groups of nodes with common linking patterns-although some asymmetries exist [30] (e.g., mutual independence). (Note that communities can also be seen as functional modules [31, 32] . However, most pronounced functional modules are disconnected groups of nodes, whereas best communities are, obviously, connected.)
Structure of the paper is nonstandard. We first analyze degree and clustering mixing in a large number of real-world networks of different type and origin (Sec. II). Analysis reveals that degree-corrected clustering [38] is in contrast to standard definition highly assortative in all networks (see Fig. 1 )-a distinctive property of realworld networks that was previously unobserved (to our knowledge). We further show that most non-social networks contain a large number of nodes with clustering lower than expected at random, which, together with clustering assortativity, implies connected regions of nodes with extremely low transitivity. Common intuition of dense communities does not coincide with the latter, while adequate extraction of communities from these networks even increases their degree disassortativity.
Functional modules should result in lower clustering and also degree disassortativity. Thus, we propose a simple network model that implicitly introduces functional modules into the network through link copying mechanism [39, 40] that resembles triadic formation [41, 42] (Sec. III). Each node explores the network using the burning process of forest fire model [22, 43] , whereas links of visited nodes are copied independently of the latter. This process has a natural interpretation in many information, technological and other networks. Model indeed generates scale-free small-world networks [5, 7] with community structure and degree (dis)assortativity, where clustering and degree mixing are controlled through parameters. This solves an open problem in network science-what simple local process produces degree disassortativity in real-world networks (to our knowledge). We further show that clustering assortativity is related to the extent of overlap between communities and functional modules. Higher values correspond to clearer separation between different structural modules, which appears to be realized through localization of communities.
The above introduces 'structural-world' conjecture: "Real-world networks are composed of functional modules characterizing different roles within the underlying system, and locally overlaid by communities based on some assortative property of the nodes.". The former explain degree disassortativity and efficient long-range navigation-strength of weak ties [17] -whereas the latter increase the overall clustering and degree assortativity, and provide for efficient local navigation-weakness of strong ties [17] . Note that conjecture deviates from classical comprehension of small-world phenomena [5] .
We proceed by presenting an algorithm for detection of arbitrary structural modules without any prior knowledge like the number of modules (Sec. IV). Algorithm exploits label propagation [30, 44] to partition the network into modules, whereas each module is further refined independently of others. Algorithm is shown to be comparable to state-of-the-art in community detection, and superior in detection of structural modules (App. A).
Sec. V first validates the algorithm on various synthetic networks with planted partition and random graphs. Next, application to real-world networks reveals well supported composites of different structural modules that are consistent with characteristics of the underlying system, and structural-world conjecture. Although (almost) all networks contain communities, the network structure is more accurately predicted by considering also other structural modules. In the case of functional modules, most apparent examples are found in technological, biological, and, surprisingly, also classical social networks.
We further use techniques presented in the paper to also conduct an exploratory analysis of a larger information network (Sec. VI). We extract a citation network from Cora dataset [45] that includes computer science publications collected from the web. Analysis reveals skewed size distribution only in the case of functional modules, which is inconsistent with some earlier work [46, 47] . Most pronounced functional modules else mainly arrange in bipartite structures, however, the complexity of linking patterns is much higher than expected.
We conclude the paper in Sec. VII.
II. DEGREE AND CLUSTERING MIXING
Let a network be represented by a simple undirected graph, with N = {1, . . . , n} being the set of itrs nodes and L being the set of its links (denote m = |L|). Also, let k i be degree of node i and k the average degree. Table I shows common statistic for 24 real-world networks of different size and origin. We consider most types of networks usually found in the literature, whereas detailed description is omitted here. Networks are ordered with respect to degree mixing coefficient r [9] . r measures degree correlations in a network and is just a Pearson correlation coefficient of degrees at links' ends.
where σ k is standard deviation and the sum goes through all linked pairs (i, j), r ∈ [−1, 1] [48] . Positive correlation is indicated by r 0, which is known as assortative mixing by degree. Similarly, disassortative mixing refers to negative correlation or, equivalently, r 0. In scale-free networks, which most real-world networks are, r can be seen as a tendency of hubs [49] -high degree nodes-to link between themselves. Observing values of r in Table I one can conclude that the latter is indeed not the case, as most real-world networks are degree disassortative. Only social networks show strong assortativity, whereas most information and some technological networks exhibit no clear degree mixing with r ≈ 0.
We proceed with an introduction of node clustering coefficient c [5] . c i measures transitivity around i and is defined as the fraction of linked neighbors.
where t i in the number of links among neighbors of ithe number of closed triads-and Real-world networks are characterized by much higher C than expected by chance (see Table I ). For example, random graphà la Erdös-Rényi [50] , where links are laid between nodes with probability p r = k/(n − 1), exhibits only C = p r in the limit of large n. This is less than 0.02 for almost all networks considered here. Still, in the case of configuration model [11, 51] , where graphs are sampled from an ensemble with the same degree sequence as the network, C ≈ p c for large enough n [20, 52] .
Although p c scales as n −1 , it is not necessarily negligible for networks of moderate size [53] (see below). Fig. 2 (top) shows scaling of c with respect to node degree in different real-world networks ( Table I ). Note that c decays with degree resembling a power-law form. Actually, different authors have observed that c ∼ k −α with α ∈ [0. 75, 1] in Internet, metabolic, collaboration and other networks [54] [55] [56] , whereas the same behavior also emerges in a hierarchical network [56] . However, Soffer and Vázquez [38] have shown that this scaling is actually due to node degree mixing. This can be motivated by an observation that hubs would always have low clustering, as the opposite implies a very large clique. Notice, for example, that power-law decays are much steeper for degree disassortative networks than for assortative ones.
Particularly, denominator in Eq. (2) implicitly assumes that every two nodes can form a link between themselves. Random Erdös-Rényi graph [50] pr ≥ pr 0 Configuration model [11, 51] pc ≥ pc 0 TABLE I. Common statistics for different real-world networks gathered from the literature and random graph models. (Networks are treated as simple undirected graphs, while module detection algorithms consider multi graphs. Results for random models are valid in the limit of large n (see text for details). Percentages in last two columns ignore nodes with degree at most one.)
Although, this might be true in, e.g., online social networks, where links are generated for 'free', it indeed does not hold for other networks, where node degrees are subjected to, e.g., practical or technological constraints. Degree constraints thus introduce biases into c that are particularly apparent in degree disassortative networks. Alternative definition of clustering that filters out degree biases has been proposed in the form of degreecorrected node clustering coefficient d [38] .
where ω i is the number of all possible links between neighbors of i with respect to their degrees,
(Note that ω can be computed from neighbors degree sequence using a simple algorithm presented in [38] .) For
Again, clustering of the entire network can be estimated by simply averaging over all the nodes, which is denoted
The latter can be clearly observed in Table I . Fig. 2 (middle) also shows scaling of d with respect to node degree. No characteristic form occurs, whereas d is rather constant across several scales. Actually, under pseudofractal model introduced in [72] , c ∼ 1/k implies d ∼ 1/ log k [38] .
Next, Fig. 1 shows d in different real-world networks in Table I . Interestingly, d looks highly assortative in all networks, whereas nodes with similar d are localized in regions that are characteristic within the underlying system. Note that although communities of highly clustered nodes can be clearly observed, remaining structure does not appear to be captured well by classical models.
Formally, we analyze clustering correlations in these networks by defining mixing coefficient r d . As in Eq. (1), we adopt Pearson correlation coefficient to measure mixing of clustering at links' ends. (Similarly for r c .)
where
Values of r d reported in Table I reveal that degreecorrected clustering d is indeed highly assortative in all types of real-world networks. Although obvious to some extent, the latter cannot be considered an artifact of chance, since r d of a respective Erdös-Rényi random graph is significantly lower [73] (due to no constraints on links). Moreover, same property is absent from standard definition of clustering c, whereas r c is even negative in some degree disassortative networks (see above). r d is also consistently much higher than r c , where correlations above 0.5 are note rare. Thus, in contrast to degree mixing, where |r| < 0.25 in most cases, one can in fact accurately predict d based on that of the neighbors. This gives an intuitive explanation of why there exist so many (local) approaches for community detection [74, 75] .
Clustering assortativity or, equivalently, r d 0 can thus be regarded as another common property of realworld networks that distinguishes them from mere random world. The latter has not been previously observed and therefore offers various possibilities for future work. Actually, as shown in Sec. III, synthetic generation of networks with r d 0, alongside with other common properties, is not straightforward. Fig. 2 (bottom) also plots distribution of d in different degree assortative and disassortative networks. One can observe a relatively fast transition in the case of assortative networks, as most nodes share similar high value of d (e.g., football and jazz networks). This is an expected behavior under community structure model that characterizes social networks. However, in contrast to the latter, 30-55% of nodes in disassortative networks have d close to zero, whereas the distribution is else rather homogeneous (e.g., yeast1 and oregon networks). Thus, despite some exceptions (e.g., elegans network), structure of non-social networks goes beyond communities, which also casts doubts on the structure of social networks.
We further investigate peculiar clustering of non-social networks. Table I reports fractions of nodes with d lower than predicted by random models discussed abovelower than p r and p c . Although nodes with degree at most one, where d equals zero by definition, are ignored, many networks still contain a large number of nodes with d lower than expected by chance. Notice also a subtle difference between p r and p c . For example, p r for oregon Internet map is below 0.01, whereas p c = 0.87. Thus, degree distributions alone can explain for the clustering observed in, e.g., scale-free networks [20] .
Note that existence of nodes with very low clustering is not particularly surprising by itself (see below). However, due to high clustering assortativity of real-world networks, the latter actually implies entire regions of nodes with very low clustering. These were mainly neglected in the past literature, as most authors were focused on nodes with high clustering, and hence community structure [74, 76] . Nevertheless, most networks analyzed here still contain some communities, which we address next. Zhao et al. [29] have already stressed the importance of absence of communities from certain (parts of) realworld networks. They have proposed community extraction framework that guards against the latter. Communities are extracted one by one, where each is selected from a candidate pool according to a quality measure W (see Eq. (6)). When W drops below the value one can expect under the same procedure in a corresponding random graph, the process terminates [77] . Thus, communities are extracted only until statistically significant.
Quality of community W is simply a difference between the links within the community and the links towards the rest of the network normalized appropriately [29] . Let S be a community and S C its complement (denote s = |S|).
where k [74, 78] . Since s(n−s) is maximized at s = n/2, factor penalizes very small or large communities and thus produces more balanced cuts (see [29] for details).
Eq. (6) can be rewritten into more convenient form as
Since work in [29] was focused on community structure alone, each time a community S was extracted, procedure was applied to its complement S C . However, only the links between the nodes in S are accounted for, whereas those towards the rest of the network-between S and S C -should not be simply disregarded as random noise. (These links in fact constitute functional modules.)
Framework we adopt here therefore removes only the links within each extracted community. If a node thus becomes isolated, it is also removed. Note that this naturally deals with possibly overlapping communities [47] and network hierarchical structure [79, 80] . Hence, same framework might be preferable in different scenarios.
Pool of candidate communities can be generated by directly optimizing Eq. (6), or by applying some community detection algorithm [74, 75] . Due to simplicity, we adopt the latter. Thus, at each step, candidate pool consists of communities identified by the algorithm proposed in [81] . Although not the best community detection approach in the literature [74, 82] , it is not limited to only community links, which is in our case essential. Fig. 4 shows common statistics during extraction of communities from different real-world networks ( Table I ). Note that, in the case of non-social networks-yeast1, javax and oregon networks-the number of nodes decreases only gradually, whereas the largest connected components consist of almost all nodes until the network suddenly dissolves (Fig. 4 (top) ). Structure below communities is thus more complex than commonly presumed and does not consist of merely, e.g., individual links between communities (see Fig. 3 ). On the other hand, football social network appears to contain only communities. Fig. 4 also indicates the termination criteria proposed in [29] for javax and elegans networks. However, one can observe notable changes in network properties even before the latter. As dense modules are being extracted from the network, r and C, obviously, decrease (Sec. I). Still, r decreases only until pronounced communities are found, and starts to increase, when the rest of the structure is bothered. Similarly, one can observe initial increase in r d , indicating better separated structural modules (see Sec. III), until r d decreases rather quickly. Due to absence of communities, the algorithm identifies larger groups of isolated nodes, and thus the size of the network also drops suddenly. Any modules beyond communities are therefore characterized by low clustering, degree disassortativity and clustering assortativity.
Observe also that average distance between the nodes denoted l [83] -the number of links in the shortest pathincreases only slightly during extraction of communities. Hence, structure below communities in fact provides efficient global navigation throughout the network, whereas communities improve navigation only locally. Thus, l is only slightly higher in the network after extraction. Similar effect was famously observed by Granovetter [17] as the strength of weak ties-links below communities-and the weakness of strong ties-links within communitiesand also by other authors more recently [84, 85] . Fig. 3 shows the networks obtained after applying the proposed framework. Communities are extracted as long as the largest connected component consists of more than 99% of the nodes. (Criteria based on, e.g., r d might be more appropriate for larger networks.) Note that although communities span over large regions of these networks, much of the structure remains unexplained.
We here restate the structural-world conjecture given in Sec. I. Networks can be seen as composed out of two layers. Below, the structure is characterized by functional modules based on the roles played by the nodes withing the underlying systems (see Secs. V, VI). As shown in Sec. III, this can explain observed clustering, degree disassortativity and efficient global navigation. Above, networks consist of communities that are overlaid over functional modules, and coincide with some assortative property of the nodes [18, 19] . Communities increase the overall clustering and degree assortativity in the network, and provide for efficient local navigation.
Distinction between layers is merely artificial, adopted to ease the comprehension. Although this naturally relates the conjecture to the concepts of layered or coupled networks [86] [87] [88] . Also, as already stressed in [30] , semantics behind the links of the two layers necessarily differ. (For incorporation of semantics see, e.g., [89] .) Since assortativity coexists with transitivity [21] , a relation that produces communities cannot generate, e.g., disconnected functional modules. Thus, different structural modules are expected only in heterogeneous networks. Nevertheless, most networks are heterogeneous [30] .
Despite all claims in the paper being investigated thoroughly, we still pose the above as a conjecture. The reason is that low clustering and degree disassortativity characterizing functional modules are already expected properties of, e.g., scale-free networks [20, 90] . More precisely, if a network is reduced to a simple graph, and the largest degree is at least of order √ n, the network is likely to be degree disassortative [91] (although only a part can be accounted for [90] ). Moreover, heterogeneous scalefree networks with maximal entropy are degree disassortative networks [92] , whereas disassortativity also results from high branching or low clustering [93] . On the other hand, networks are expected to be highly clustered only in the case of some explicit process that introduces transitivity [12, 20] . Hence, preferential attachment model [7] that generates scale-free networks can already interpret at least degree mixing and clustering below communities. However, the above explains network dynamics only at a level of individual nodes, or gives a macroscopic description of the system. Functional modules, together with structural-world conjecture, provide a mesoscopic view. For example, under scale-free model of Barabási and Albert [7] , nodes preferentially link to hub nodes. The same effect can be encountered under structuralworlds, while functional modules give further knowledge about which hubs are likely to be linked simultaneously. The conjecture thus extends the scale-free phenomena. Similarly, small-world model of Watts and Strogatz [5] demonstrates that introduction of long-range links into else highly clustered network significantly decreases the distances between the nodes. Again, functional modules describe how these links are distributed throughout the network, while high clustering is a result of overlaid communities. Structural-world conjecture thus encloses scale-free and small-world phenomena [5, 7] by explaining network dynamics through its mesoscopic structuresfunctional modules and communities.
Similar characteristics of real-world networks have most notably been investigated in the case of Internet [91, 94] , software systems [2, 30] , web graphs [30, 95] and biological networks [36, 96] , while authors have also considered ensembles of graphs [97, 98] and directed networks [95] . Hao and Li [25] have already observed an apparent dichotomy in degree mixing of biological networks, which is very similar to our structural-worlds. However, their comprehension of the phenomena was limited to communities. Authors have also analyzed robustness [99] and resilience [100] , and dynamical processes including spreading [101] and communication flows [102] . Finally, Park and Barabási [103] have shown that two independent parameters are needed to capture network (dis)assortativity, which nicely coincides with our differentiation between two layers of the structural-world.
III. MODEL
Proposed network model is based on the burning process of forest fire (FF) model [22, 43] , which we introduce first. Due to simplicity, the model is presented in the case of undirected networks [104] .
Let p be the burning probability, p ∈ [0, 1) (see below). Initially, network consists of a single node, while for each new node i, the burning process proceeds as follows.
(1) i chooses an ambassador node a uniformly at random, and links to it.
(2) One samples x p from a geometric distribution with mean p 1−p . i selects x p random neighbors of a that were not yet visited, j 1 , . . . , j xp , and links to them.
(3) One recursively applies step (2) to each j 1 , . . . , j xp , where the latter are taken as ambassadors of i.
(If the number of neighbors in step (2) is smaller than x p , i selects as may neighbors as it can.) Since each node can be visited at most once, the burning process surely converges. Thus, to generate a network with n nodes, FF model repeats the above procedure n − 1 times. The model produces densification and shrinking diameter effects observed in temporal real-world networks, while the networks also exhibit skewed degree distribution, short distances between the nodes and community structure [22, 43] . Hence, the model generates networks with high clustering and degree assortativity (see Fig. 7) .
It also has a natural interpretation in, e.g., citation networks. Burning process mimics the author of a paper including references into bibliography. Author first reads a related paper, or selects a paper that triggered the research, and includes it into bibliography (step (1)). Author then considers bibliography of the latter, or additional resources, for other related papers (step (2)). Some of thus discovered papers are further considered and cited, while the author continues similarly as before (step (3)). Despite the above, FF model fails to reproduce the properties observed in citation networks.
Note that described process implicitly assumes that authors read, or at least consider, all the papers they cite. However, this is indeed not the case. For example, seminal work on random graphs conducted by Erdös and Rényi [50] is perhaps among most widely cited papers in the network science literature. Although, presumably, only a small number of authors have actually read the paper. As the work is widely discussed elsewhere, most authors have just copied the reference from another paper. On the other hand, authors also do not cite all papers they read, although directly related to their work. The latter can be simply due to page limitations or, in the case of papers that appear at about the same time, related paper can limit, question or even contradict the work of the author. Nevertheless, such paper would be read thoroughly, while, presumably, many of its references will be further considered and also cited.
Examples suggest that the papers that authors read or cite are selected based on two, not necessarily dependent, processes. We thus propose structural forest fire (SFF) model that adopts the same burning procedure as FF model to traverse the network, whereas links are formed according to another independent process.
Let q be the linking probability, q ∈ [0, 1) (see below). Initially, network consists of a single link, while for each new node i, the model proceeds as follows.
(1) i chooses an ambassador node a uniformly at random. were not yet visited, j 1 , . . . , j xp .
(3) One samples x q from a geometric distribution with mean q 1−q . i selects x q random neighbors of a that were not yet linked, l 1 , . . . , l xq , and links to them.
(4) One recursively applies step (2) to each j 1 , . . . , j xp , where the latter are taken as ambassadors of i.
(Details are the same as above. [105] ) Again, the process converges, whereas the entire procedure is repeated n − 2 times.
Step (3) ensures that no multiple links are formed. Denote v to be mean number of ambassador nodes visited within the burning process, and let p < 0.5. Then,
while the expected degree in the network is
Although valid only in the limit of large n, the bounds appear rather tight for small enough p and q (see Sec. VI). Note that, as node does not necessarily link to the ambassador node, it will fail to form any link-become isolated-with probability (1 − q) v . Although the latter is negligible in most cases, this is not the case when one models very sparse networks that imply smaller p and q (e.g., power grids). Isolated nodes are else a common property of real-world networks. However, in practice, these are often ignored in the analysis, or the network is even reduced to the largest connected component.
To obtain a connected network with desired number of nodes, one could simply repeat the burning procedure until the property is reached (for other alternatives see [22, 106] ). However, according to the above interpretation, isolated nodes can be seen as authors who failed to find any paper that is indeed similar to their own. The latter can indicate seminal work. In that case, an author would, presumably, attempt to relate the work with existing literature as best as possible. As such process is better imitated by FF model, for the analysis here, a node that remains isolated in the final network is re-incorporated according to the dynamics of FF model (with same p). This ensures a network with n nodes. (Note that the above refers to only (1−q) v (n−2) nodes.)
SFF model can generate networks that exhibit most properties observed in real-world networks (see Fig. 5 ). Clustering assortativity r d introduced in Sec. II is usually around 0.2, which nicely coincides with, e.g., elegans metabolic network that exhibits r d = 0.183. However, most other networks in Table I have r d much larger than that. By observing these networks in Fig. 1 on can realize that most of them show an interesting phenomena. Communities of highly clustered nodes are localized in certain regions, although these may be scattered across the networks (e.g., power, yeast1 and javax networks).
(Localization phenomena appears to relate to some property that may vary between the underlying systems.)
We thus also analyze a small variation of the model denoted localized forest fire (LFF) model. Due to simplicity, localization in the model is realized by using isolated nodes. When such node is re-incorporated into the network, the ambassador in step (1) is chosen only between isolated nodes, and not between all the nodes in the network as originally (omitted for first node). As isolated nodes are re-introduced using FF model, communities of highly clustered nodes emerge, while the above variation forces them to localize in certain regions of the network.
LFF model indeed generates networks with higher clus-
FIG. 6. (Color online)
Degree distributions of networks containing 5000 and 10000 nodes generated with different network models (left and right, respectively). Scale-free exponents α for smaller networks generated with SFF and LFF models are 2.61 and 2.85, while 2.82 and 2.88 for larger ones. (Power-law p k ∝ k −α is a plausible fit at p-value = 0.1 in all cases [107] .) Average degrees range from 8.1 to 8.7, and thus coincide with density of real-world networks [59, 108] . tering assortativity, where r d is around 0.3 in most cases. Localization can also be clearly observed in Fig. 5 , however, since our intention is merely a statistical analysis of the localization effect, LFF model is not expected to generate networks that would visually resemble real-world networks (like FF and SFF models). Results further indicate that r d measures the overlap between the nodes with high and low clustering, or, more precisely, how well are the communities separated from the rest of the network. Note also that all models still seriously underestimate r d .
Both SFF and LFF models generate networks that show scale-free degree distributions (Fig. 6 ) and smallworld phenomena (results omitted). In Fig. 7 we also analyze network clustering and degree mixing by varying the probabilities p and q. p governs clustering in the network for all forest fire models, where clustering increases monotonically with p. Also, p increases degree assortativity in the case of FF model, whereas p has little effect on degree mixing in the case of SFF and LFF models. However, degree mixing in the models is governed by q, where degree disassortativity increases with q. q also does not affect the clustering for LFF model.
The above can be summarized as follows. Notice that, due to a special treatment of isolated nodes, LFF model is in fact identical to FF model for q = 0 [104] . On the other hand, the model generates bipartite networks for p = 0. (Or k-partite networks if the initial network is a full graph on k nodes.) Hence, for large p and small q, generated networks experience large clustering, degree assortativity and clear community structure. While, for small p and large q, networks show lower clustering and high degree disassortativity. Furthermore, such networks also contain pronounced functional modules, since multipartite networks are the most prominent examples of the latter. In other words, p and q vary the number of nodes on each layer of structural-world networks (Sec. II), while one can thus generate clustering and degree mixing that resembles almost arbitrary network in Table I [109] .
Although not directly discussed above, one can imagine that copying the links of ambassador node-linking to its neighbors-within the proposed models produces functional modules. We stress that the key factor here is that the node does not necessarily link to the ambassador itself. The latter is also the cause for degree disassortativity, whereas linking to the ambassador gives degree assortative networks in any case. Still, degree mixing coefficient r should not be taken as a measure of how pronounced the functional modules are, but is rather related to the difference in the size of the dependent modules. One can expect larger modules in networks that show greater degree disassortativity, whereas low clustering, alongside large average degree, is perhaps the most prominent indicator of functional modules in a network.
Note that functional modules are an implicit result of our models, while this is rather different from some other techniques in the literature. For example, blockmodels [110] , which were widely studied in social networks literature in the past, can generate networks with arbitrary structural modules. However, one has to specify how different modules are interlinked between, which is often hard in practice [30, 111] .
Other authors have also proposed models very similar to ours [41, 42, 112, 113] . However, these either do not adopt the burning process to traverse the network [106, 114] or the model necessarily links the nodes with their ambassadors [23, 24] , which results in degree assortativity. Nevertheless, the main difference in these models is that the set of the nodes that are linked with the concerned node is always a subset of the nodes that are visited. For the models proposed here, these two sets can intersect arbitrarily, while they can also be disjoint. The latter in fact produces rich dynamics observed above.
Last, we also note that, although the interpretation of the models was limited to citation networks, the same process accurately resembles the dynamics in many other networks. For example, in the case of software networks, the process exactly mimics the actions of a developer that is adding classes of code into unfamiliar project. Similarly, in air transportation networks, an airport might offer the same flights as a nearby airport-and would thus copy its links-while it will, presumably, not offer a flight towards the latter. Finally, the same process can also be undertaken by a person that is being familiarized with friends of an acquaintance. Although the person does not become a friend of the acquaintance, he or she may still befriend with some of the acquaintance's friends.
IV. ALGORITHM
Despite the discussion in Sec. II, proposed algorithm directly partitions the network into structural modules without first extracting communities. The algorithm is based on a label propagation framework proposed in [30] ,
which we briefly introduce below. Due to simplicity, the framework is presented in the case of simple graphs.
Denote Γ i to be the set of neighbors of node i and let g i be an unknown module (or group) label. Furthermore, let G i be the set of nodes sharing label g i . Propagating labels between the nodes was first introduced for community detection. Raghavan et al. [44] have proposed a simple algorithm that exploits the following procedure. Initially, each node is labeled with a unique label, g i = i. Then, at each iteration, a node adopts the label shared by most of its neighbors (updates occur in a random order). Hence,
where δ is the Kronecker delta (ties are broken uniformly at random [115] ). Due to many links within communities, relative to the number of links towards the rest of the network, nodes in communities form a consensus on some label after a few iterations. Thus, when an equilibrium is reached, {G} contains communities that are clearly depicted in the network structure. Note that Eq. (11) is actually equivalent to a simple kinetic Potts model [116] . Due to extremely fast structural inference of label propagation, the algorithm exhibits near linear complexity O(m 1.2 ), while the expected number of iterations on a network with a billion links is only 113 [117] .
The basic algorithm can be further improved by also applying node preferences [118] . Preferences adjust the strength of propagation from certain nodes (e.g., hubs), and thus force the propagation process towards more desirable partitions. Let f i be a preference of node i. Then,
Note that preferences can be set to an arbitrary node property (e.g., degree). We adopt the same preferences f andf (see Eq. (10)) as in [30] , whereas detailed description is omitted here (due to space limitations). However, f ,f are in fact composed out of two factors. First factor corresponds to balanced propagation [65] that, at each iteration, decreases the propagation strength from the nodes that are considered first, and increases the strength from the nodes that are considered last. This counteracts for the randomness introduced through random update orders, which stabilizes the propagation process [119] .
Second factor corresponds to defensive propagation [117] that further increases the propagation strength from the core of each G or, equivalently, decreases the strength from its border. The latter forces the algorithm to gradually reveal the network structure and improves its detection strength in real-world networks [67, 117] .
The algorithm in Eq. (12) is comparable to current state-of-the-art in community detection, whileŠubelj and Bajec [30] have extended the same principle to also functional modules. Rather than propagating the labels between the neighboring nodes, one propagates the labels between the nodes at distance two-through common neighbors. Since nodes in functional modules share many common neighbors, similarly as before, they form a consensus on some particular label. Thus, when the process unfolds, {G} contains most pronounced functional modules in the network. Generalization is identical to a standard propagation on a network with the same set of nodes, while the links represent (link-disjoint) paths of length two between the nodes in the original network.
The algorithm for functional modules is shown in the right-hand side of Eq. (10).f i is preference of node i (see above), whereas k j is a normalization. Since the sum in Eq. (12) has k i terms, whereas the sums in the right-hand side of Eq. (10) contain up to j∈Γi k j terms, this introduces biases in the detection of modules. Dividing each term by k j aggregates the contributions at each neighbor of i, which makes all sums proportional to k i .
Eq. (10) shows complete algorithm for detection of arbitrary structural modules denoted generalized propagation [30] . Left-hand side is the same as Eq. (12), while ν g are module dependent factors that represent adopted network modeling, ν g ∈ [0, 1]. Setting ν g = 1 for all g is identical to community detection algorithm in Eq. (12), whereas, for all ν g equal to zero, the algorithm reveals only functional modules. When ν g = 0.5, identified modules depend on community and functional links.
General propagation framework in Eq. (10) can detect communities and functional modules even when only weakly depicted in the structure of the network [30, 120] . However, module factors ν g have to be defined accordingly (see App. B). Note that ν g are set apriori, when one initializes node labels {g}. As most labels disappear during propagation, one only has to provide sufficient number of labels with ν g ≈ 1 in regions of the network, where communities could exist, and enough labels with ν g ≈ 0 in regions, where one expects functional modules.
Network modeling proposed in [30] was based on conductance [121] , while the algorithm in [120] uses clustering coefficients c and C [5] . Due to the analysis in Sec. II, we propose a much simpler model based on degree-corrected clustering coefficients d and D [38] .
Parameter τ is expected clustering in a corresponding random graph, where Erdös-Rényi [50] graph with clustering p r and configuration model [11, 51] with p c are the most obvious choices (Sec. II). For the analysis here, we set τ to p c , to reveal modules that go beyond (scale-free) degree distributions (if not stated otherwise). Eq. (13) should be seen as follows. Since most realworld networks have D ≥ τ , the algorithm identifies communities in regions with high clustering (Eq. (13a) ). Eq. (13b) properly models, e.g., bipartite networks, where functional modules are revealed in regions with very low clustering. Otherwise, ν g = 0.5 ( Eq. (13c) ).
Note that, according to structural-world conjecture, functional modules also emerge below communities, in regions with high clustering. The model in Eq. (13) thus apparently ignores most functional modules in the network. However, different modules commonly become obscure in the presence of communities. Let a network contain a complete k-partite subgraph on n nodes. Obviously, the network contains clear functional modules. Still, when k goes to n, the corresponding subgraph actually becomes a clique, and thus a well defined community. Similar effect occurs, when the size of subgraph decreases or, equivalently, n goes to k. Hence, functional modules often cannot be revealed alongside communities.
The above is directly related to the following question. Assume that networks truly contain functional modules as structural-world predicts; how that there exist numerous studies in the literature, where authors have identified communities in almost any type of real-world networks? Analysis in Sec. V shows that community detection algorithms commonly identify dependent functional modules as a single group of nodes. Nonetheless, the latter can still be a well defined community. Actually, some of the communities in the famous football social network (Table I ) are in fact multi-partite graphs (see Fig. 9 ).
Although this indicates a rather undesirable behavior of community detection algorithms, it can be employed for detection of other modules. The model in Eq. (13) thus first tries to identify dependent functional modules as communities, which are then (possibly) refined into functional modules. Let {G} be the initial partition revealed by the algorithm. For each G, the algorithm is further applied to a subnetwork induced by the nodes in G. As this refinements proceed recursively, an entire sub-hierarchy of modules is obtained. Similarly, one can reveal a super-hierarchy by applying the algorithm to a super-network induced by {G} (agglomeration). Here (super-)nodes represent modules that are linked, when a link between their nodes also exists in the network. Final result of such divisions and agglomerations is a complete hierarchy of modules denoted H [79, 80] (see Fig. 9 ).
Leafs of H represent nodes in the network, while inner nodes {I} correspond to modules {G} that were obtained over several applications of the algorithm. Let I correspond to module G and let I 1 , . . . , I t be the ancestors of I. Furthermore, let H I be a sub-hierarchy rooted at I. Thus, leafs of H I are nodes in module G, while G 1 , . . . , G t is a partition of the subnetwork induced by G. Let each inner node I (or module G) also be associated with value θ, θ ∈ [0, 1], which is defined as the probability that two nodes in G i and G j are linked, i = j. Let there be m such links in G and denote s to be the number of all possible links, s = i<j |G i ||G j |. Then, θ = m/s. (If ancestors of I are leafs of H, θ is just the density of module G.)
Probabilities θ are in fact maximum likelihood estimators for hierarchy H [122] , while the posterior probability of H-likelihood L given the network observed-is
Analysis in Sec. V reports log-likelihoods − log L, where smaller values are better. Note that log L of {G} is the entropy of the corresponding blockmodel [123] . When a network contains only communities, initial partition {G} would commonly already identify them. Thus, {G} should not be further refined, which requires an extra criteria. A promising approach is to refine only very sparse modules G that clearly do not coincide with the definition of a community, e.g., when a subnetwork induced by G have D < τ (results omitted). For the analysis here, G is refined when |G| > 3, while only refinements with L(H I ) > L(G) are accepted-H I is the revealed hierarchy for G, and L(G) is the likelihood of a hierarchy with a single (inner) node and leafs from G.
Proposed algorithm thus constructs an entire hierarchy of modules H and is denoted hierarchical propagation (HP) algorithm. When only a partition of the network is required, modules represented by the bottommost (inner) nodes in H are reported (no agglomerations are needed). We also consider an algorithm without module refinements, which is, for consistency with [30] , denoted generalized propagation (GP) algorithm.
Complexity of HP algorithm is near ideal. Each propagation of labels (Eq. (10)) requires O(km), where m is the number of links and k the average degree. The number of iterations required for the propagation process to converge can be, according to [117] and above analogy, estimated to O((km) 0.2 ). Since the number of module refinements is usually negligible, the total complexity becomes O((km)
1.2 ). When an entire hierarchy is required, the latter refers to a single level. (For the analysis here, we limit the maximum number of iterations to 100.) HP algorithm is first validated on synthetic benchmark networks, and applied to different real-world networks (Sec. V). Next, the algorithm is adopted for the analysis of a citation network (Sec. VI), where communities have been extracted apriori. Comparison with 12 state-of-theart algorithms is conducted in App. A, while App. B also analyses different network models (Eq. (13)).
V. STRUCTURAL MODULES
Results in the following (and in Apps. A, B) are reported in terms of log L (Eq. (14)), normalized mutual information [124] (NMI) and adjusted rand index [125] Proposed HP algorithm is compared against a variation without module refinements denoted GP algorithm (Sec. IV), and a variation limited to merely communities denoted CP algorithm (see App. B). We also consider two other approaches. First is a community detection algorithm known as Louvain method [126] that optimizes modularity [127] by multi-level aggregation (LUV algorithm). Second is a (general) structural module detection algorithm, which fits a predefined mixture model using expectation-maximization [128] technique [31] (MM algorithm). Among 13 state-of-the-art algorithms in App. A, both represent the second best approach in their category (after that in [129] and HP algorithm).
MM algorithm demands the number of modules to be known beforehand, which is set to the true value in all cases. (Due to different stopping criteria, results for MM algorithm are slightly better than in [30, 120] .)
A. Synthetic networks
Algorithms are first applied to three synthetic benchmark networks with planted partitions of structural modules. All partitions consist of communities and functional modules, while the structure is controlled by a mixing parameter µ, µ ∈ [0, 1]. When µ equals zero, all links in the network are placed according to the predefined partition, whereas the structure degenerates with increasing µ. Fig. 8 (left) plots the results for GN2 synthetic networks [36] that are a generalization of a classical community detection benchmark [8] . Networks consist of four modules with 32 nodes, where two modules are classical communities, while the other two form a bipartite structure of functional modules. Average degree is fixed to 16. Only HP algorithm can accurately reveal the planted structure in these networks. Observe that performance of a community detection algorithm (e.g., LUV algorithm) is only slightly worse compared to a general module detection algorithm (e.g., MM algorithm). The former identifies functional modules in the network as a single group of nodes, however, this is only weakly expressed by standard measures used in the literature [74, 124] . As already discussed in Sec. IV, HP algorithm first reveals communities in these networks, which are then refined into functional modules (see GP algorithm).
Next, algorithms are applied to two synthetic networks that are based on a hierarchical model [79, 80] (Sec. IV). Respective hierarchies are shown in Fig. 8 , where shades of nodes correspond to values of θ that are set to either µ or 1 − µ. For µ = 0, θ ∈ {0, 1}. Leafs of hierarchies represent actual planted modules with 8, 16 or 24 nodes. Networks thus contain 7 and 6 modules, and are denoted HN7 and HN6 networks. Note that both networks consist of three communities, whereas functional modules form two bipartite structures in the case of HN7 networks, and a tripartite structure in the case of HN6 networks.
Results for HN7 networks are shown in Fig. 8 (middle), while Fig. 8 (right) plots results for HN6 networks. Again, only HP algorithm can accurately detect the true structure planted into these networks, while the performance of other algorithms is else similar as above.
HP and GP algorithms are further applied to Erdös-Rényi [50] random graphs and Barabási-Albert [7] scalefree networks that, presumably, contain no structural modules. Number of nodes is fixed to 128 in both cases, while average degree is varied from 2 to 32. When degree exceeds a certain threshold, none of the algorithms reveal any structure in these networks. The transition occurs between 8 and 16. The algorithms also do not suffer from the resolution limit problem [130] (results omitted).
We conclude that HP algorithm can detect arbitrary structural modules-communities or functional modules-when they are present in the network. Also, comparative analysis in App. A shows that the algorithm outperforms all state-of-the-art approaches considered. As the number of modules is an implicit result of the propagation process employed, the value does not have to be set apriori as for most other algorithms [31, 111] . Hence, proposed algorithm represents a promising approach for exploratory analysis of real-world networks.
Next, we adopt HP algorithm for the analysis of realworld networks, with special emphasis on the context of different modules within the underlying systems.
B. Real-world networks
We first compare the algorithms on four real-world networks from Table I . We adopt three classical social networks-football, karate and women networks-with known sociological classification of the nodes that results from earlier studies [8, 63, 71] . For football and karate networks, corresponding network modules are communities that coincide with some assortative property of the nodes, whereas, in the case of women network, the partition corresponds to functional modules that represent different roles nodes play within the underlying domainwomen and events attended by the former. We also adopt jung software network, where nodes represent classes of code that constitute JUNG library [131] . Here software packages decided by the developers are taken as the true network partition. Respective structural modules are thus communities of classes implementing common functionality, and functional modules representing the roles of classes within JUNG project [2, 30] (see below).
The results are shown in Table II . Proposed HP algorithm most accurately reveals the true partition in all cases except for karate network. More precisely, the algorithm identifies three communities (on average), while sociological partitioning contains two. Nevertheless, partition with three communities is somewhat more consistent with the structure of the network, and thus commonly reported by the algorithms in the literature [132, 133] . Although structural modules in, e.g., football and women networks are fundamentally different in many basic module properties, HP algorithm accurately detects the structure that is present in each network. We thus also apply the algorithm to a larger number of realworld networks, to analyze, whether general modulescommunities and functional modules-better model the network structure than communities alone. For a fair analysis, we compare modules revealed under the same framework, exemplified by HP and CP algorithms. (For comparison, we also report results for other approaches.) Table III shows log L of hierarchies of modules identified with different algorithms (as described in Sec. IV). We consider 16 real-world networks from Table I that are reduced to the largest connected components. Observe that general modules better predict the structure present in most types of real-world networks including information (e.g., javadoc network), biological (e.g., yeast2 and elegans networks), technological (e.g., power and jung networks) and, surprisingly, also classical social networks (e.g., football and karate networks). On the other hand, collaboration networks appear to be the most prominent examples of networks with only community structure (e.g., netsci and comsci networks). Note that, e.g., karate and elegans networks are in fact best modeled by considering merely network modularity (see LUV algorithm). However, the latter is actually due to increased complexity, when one considers hierarchies of general structural modules. For example, assume that the algorithm reveals several functional modules at some level of the hierarchy. In order to adequately model the structure present, dependent functional modules must necessarily be detected as a single group on the next level.
Table IV thus also shows log L for the best hierarchies revealed in 8 real-world networks from Table III. Despite the discussion above, HP algorithm still most accurately predicts the hierarchical structures in these networks. Results also reveal that p c -expected clustering in a configuration model [11, 51] -more adequately distinguishes between different types of modules than p r -clustering of an Erdös-Rényi random graph [50] (see Eq. (13)). Nevertheless, since p c is merely an upper bound for C [52] , p r proves to be more appropriate for smaller or very sparse networks (e.g., karate and euro networks). Table IV further shows the number of (non-trivial) levels that constitute each hierarchy-height of the hierarchy. Observe that hierarchies of communities generally consist of much larger number of levels than those that include also other structural modules. Since the complexity of the hierarchy increases exponentially with its height, the difference is substantial. Table IV also reports binary hierarchies from [80] that were reveled by Monte Carlo sampling scheme. Although values of log L are better than those obtained with, e.g., HP algorithm, heights of respective hierarchies are again considerably larger.
We conclude that general structural modules more adequately model the mesoscopic structure of networks than communities alone. Next, we consider modules identified in different types of real-world networks in greater detail. Fig. 9 shows hierarchies of football social network revealed with CP and HP algorithms. Nodes in the network represent college (American) football teams that are linked, when a game was played during the NCAA 2000 season. Known partitioning of the network corresponds to a division into conferences. Observe that both hierarchies identify conferences at some intermediate level, whereas many are further partitioned into different structural modules. More precisely, although some conferences correspond to a clique in the network, others are in fact multi-partite structures (see Fig. 9 (right) ). The latter can be directly related to the schedule of the games played, and thus the role of different teams during the 2000 season. Hence, despite the fact that the network represents a classical benchmark for community detection, hierarchy of merely communities fails to identify most of the structure present (see Fig. 9 (left)). Fig. 11 (right) also shows hierarchy of jung software network (see above) revealed with HP algorithm. Modules again coincide with the known classification of the nodes-packages of software classes-whereas different modules show characteristic features of JUNG project. For example, classes implementing the same functionality (e.g., graph implementations) commonly correspond to a community in the network, while classes with the same role within the project (e.g., parsers or plug-ins), which depend on a common set of other classes, are usually expressed as functional modules. Again, much of the functionality of JUNG library would remain obscure under the framework limited to communities (see also [30] ).
Last, Fig. 10 shows structural modules in javax software and elegans metabolic networks revealed with CP and HP algorithms. Observe that most prominent functional modules in javax network are revealed in regions with lower clustering-indicated by strong offdiagonal structure-while communities mostly exist in regions with higher clustering. However, the latter is not the case for elegans network, where all nodes exhibit very high clustering. Note that both structures revealed with HP algorithm are still consistent with the structuralworld conjecture, although different types of modules are better separated in the case javax network (Sec. II). This is further indicated by higher clustering assortativity r d , which equals 0.545 for javax network, while only 0.183 for elegans network. Nevertheless, structure of elegans network might be modeled more adequately, when communities are extracted from the network apriori.
VI. CORA CITATION NETWORK
In the following we conduct a more detailed analysis of a larger information network using techniques presented in the paper. We adopt a citation network extracted from the famous Cora dataset [45] that includes computer science publications collected from the web, and publications automatically parsed from the bibliographies of the latter. Complete network reduced to the largest connected component contains 23166 nodes and 89157 links, while other common statistics are given in Table V . We first employ SFF and LFF network models introduced in Sec. III to analyze citation dynamics depicted in the network. Table VI shows the networks generated by varying the burning and linking probabilities p and q within the models. Observe that, for p ≈ 0.3 and p ≈ 0.75, both models match common statistics of Cora network almost precisely. However, as already discussed in Sec. III, clustering assortativity r d is underestimated. According to Eq. (8), the number of visited nodes v by each newly added node within the models-the number of publications considered by the authors-can be estimated between 1.61 and 1.75 (simulations give similar results). As the average number of publications within each bibliography equals k/2 = 3.84, the fraction of publications considered by the authors, relative to the number of publications cited, is 2v/k ≈ 0.45. Hence, according to citation dynamics behind Cora network, more than two times as many publications are cited than actually read.
Note that above results are somewhat influenced by (automatic) network sampling procedure (see [45] for details). The latter can be clearly observed in much lower average degree k than in other citation networks (see, e.g., hepart network in Table I ). Furthermore, common density of real-world networks also estimates a much higher k [59, 108] . It ought to be mentioned that scalefree exponents α for degree distributions of the networks generated with SFF and LFF models are 2.78 and 2.67, whereas Cora network exhibits α = 3.3. (Power-laws p k ∝ k −α are plausible fits at p-value = 0.01 [107] .) We next also reveal different structural modules expressed in the structure of Cora network. Identification proceeds as follows. First, dense structural modules are identified in the network based on the extraction framework presented in Sec. II. The final pool consists of 146 modules, whereas 61 of these are extracted as communities according to a criteria based on a local maximum of r d . Remaining network contains 14602 nodes, while other common statistics are given in Table V . Fig. 12 (left) further shows different properties of identified modules.
Second, remaining structural modules in the network are revealed using the proposed HP algorithm. The algorithm detects 1819 groups of nodes, where 827 of these are identified as functional modules according to Fig. 12 (middle) . Common statistics for the network induced by functional modules are given in Table V. As predicted by the structural-world conjecture, identified communities and functional modules overlap considerably. 43% of nodes in communities also appear in functional modules, whereas 41% of nodes in functional modules are overlaid by communities. Each node is else in 1.25 communities. Fig. 12 also shows distributions of module sizes s (note different scales). Observe that distribution for communities is rather uniform (Fig. 12 (left) ), which is inconsistent with some earlier work [46, 47] . On the other hand, size distribution of functional modules shows a plausible fit to a power-law p s ∝ s −α with α = 2.24 at p-value = 0.1 [107] (Fig. 12 (middle) ). Fig. 12 (right) plots the complexity M for structural modules identified in Cora network after extraction of communities. M measures the complexity of linking between different structural modules. Let p g be the probability that a neighbor of a node in some module is in module G and let G to be the corresponding random variable. Then, M of concerned module is defined as
where H(G) is the entropy of G, H(G) = − g p g log p g , and b is the base of the logarithm, M ≥ 1. Note that Eq. (15) is equivalent to Shannon's coding theorem [134] (up to a constant). M of a module is thus the expected number of dependent modules in the network. Hence, M is close to one for communities and, e.g., functional modules that form bipartite structures, whereas higher values correspond to more complex configurations. Values of M shown in Fig. 12 (right) reveal than complexity of linking patterns between different modules is much higher than expected. For example, average M for functional modules equals 6.85, however, the result is influenced by a large number of smaller modules identified in the network (many small communities remain). Indeed, when the structure is reduced to 31 modules that represent more than 48 nodes in the original network, and only inter-dependencies that are supported by more than 48 links are considered, average M decreases to 1.84. Nevertheless, functional modules still arrange in configurations that go beyond, e.g., simple bipartite structures.
Although not directly discussed above, general structural modules more accurately model Cora network after extraction than a framework limited to communities. For example, average height of a hierarchy revealed with HP algorithm equals 4.7, whereas 7.0 for CP community detection algorithm (Sec. V). Fig. 13 also shows corresponding module overlays. Observe that functional modules recognize artificial intelligence and operating systems as two rather independent fields of computer science, which are related through interdisciplinary fields like data structures, algorithms and programming ( Fig. 13 (middle) ). However, community structure of the network fails to acknowledge the latter (Fig. 13 (left) ).
Last, Table VII also shows research topic distributions [45] and publications representing hub nodes for selected functional modules in Fig. 13 . Similarly as in Sec. V, the structure can be related to different roles of publications within a certain field. For example, largest functional modules represent publications ad- [45] and publications corresponding to hub nodes within selected functional modules in Fig. 13 . Neural networks and genetic algorithms modules represent equally labeled bipartite structures, whereas graph drawing corresponds to lower-most pronounced bipartition (right-hand and left-hand side of Fig. 13 (right), respectively) . Results show hub nodes within smaller modules and topic distribution of larger modules (below and above, respectively), while only high degree nodes are reported for graph drawing. Note that highest degrees in the larger neural networks and genetic algorithms modules are else only 19 and 26. Also, interestingly, Roberto Tammasia who was also a PhD advisor of Ashim Garg has coauthored all papers on graph drawing with multiple authors. (References have been abbreviated to fit page width.) dressing similar problems that depend on a smaller set of prior seminal publications or, e.g., book reviews. The latter commonly correspond to hubs in the network. Nevertheless, many of the revealed configurations of functional modules include no hub nodes. (See caption of Fig. 13.) 
VII. CONCLUSIONS
Findings in the paper expose functional modules as another key ingredient of complex real-world networks. These are together with communities combined into a structural-world conjecture, which provides a mesoscopic view on the structure of networks. We propose a natural model based on the latter that generates networks with most common properties, whereas we also introduce a simple algorithm that outperforms state-of-the-art in detection of structural modules. We further propose several other techniques, valid for exploratory network analysis.
Future work will focus on the analysis of larger networks with millions of nodes and links, to devise a more detailed classification of structural-world networks. Proposed HP algorithm is compared against different state-of-the-art algorithms for community detection, and for detection of structural modules. We adopt the following community detection approaches: greedy optimization of modularity [46, 135] (GM algorithm), multistage optimization of modularity [126] (LUV algorithm), sequential clique percolation method [136] (SCP algorithm), Markov clustering algorithm [137] (MCL algorithm), structural compression method known as Infomod [81] (IMD algorithm), random walk based compression known as Infomap [129] (IMP algorithm), and a label propagation algorithm [44] (LP algorithm). (SCP algorithm returns overlapping communities; thus, each node in multiple communities is classified into a random one.)
The algorithms are analyzed on three synthetic benchmark networks with planted communities. First is a classical community detection benchmark [8] , where the networks consist of four communities with 32 nodes (GN networks). We also consider two variations of more realistic synthetic networks with scale-free degree and community size distributions [138] (LFR networks). The number of nodes in the networks is set to 1000, while community sizes vary between 10 and 50, and 20 and 100 nodes. For all networks, the structure is controlled by a mixing parameter µ, µ ∈ [0, 1]. When µ equals zero, all links are placed according to the predefined partition, whereas for µ equal to one, the networks are completely random.
The results are shown in Fig. 14 (top) . HP algorithm is proven to be at least comparable to most of the approaches considered, yet it is outperformed by LUV and IMP algorithms. Note that the latter are among the best community detection algorithms in the literature, while their performance on these networks cannot be further improved [74, 82] . On the other hand, there is also no guaranty that the construction of networks does not implicitly introduce functional modules (that are detected by HP algorithm). Nonetheless, both LUV and IMP algorithms are still limited to communities and cannot detect other structural modules, which we address next.
We adopt the following general module detection algorithms: symmetric nonnegative matrix factorization [139] (NF algorithm), k-means data clustering [140] based on [141] (KM algorithm), mixture model using expectation-maximization [31] (MM algorithm), mixture model with degree corrections [111] (CM algorithm), structural compression method [81] (IMD algorithm), model-based propagation algorithm [120] (MP algorithm), and the best community detection algorithm considered above [129] (IMP algorithm). (NF and CM algorithms are applied to each network for ten times, while the best revealed partition is reported. NF, KM, MM and CM algorithms demand the number of modules apriori.)
The algorithms are compared on GN2, HN7 and HN6 synthetic networks (Sec. V). All networks contain communities and functional modules, where the latter are connected into bipartite and tripartite structures. Again, the links in the networks are placed according to µ. Fig. 14 (bottom) shows the results of the comparison. Only HP algorithm can accurately detect the modules planted into these networks, and MP algorithm for small enough µ, while most other approaches fail. MM mixture model also performs relatively well, whereas CM model that incorporates additional constraints is relatively unstable on these networks (due to increased complexity). Interestingly, simple KM data clustering performs much better than many other state-of-the-art algorithms [141] .
The analysis does not include approaches that group nodes based on their network properties [28] . However, these also reveal groups that are not structural modules. The section considers different network modeling techniques represented by module factors ν g (Eq. (13)). We compare the strategy adopted withing HP algorithm with three alternatives, where ν g equal to 0, 0.5 or 1 for all modules g (denoted CP, DP and FP algorithms). Hence, CP algorithm is based on classical propagation between neighboring nodes that can detect merely communities. FP algorithm propagates labels through common neighbors, which reveals functional modules. DP algorithm is the default approach, where labels are simultaneously propagated between and through (common) neighbors.
The strategies are compared on GN and GN2 synthetic benchmark networks (App. A and Sec. V). GN networks consist of only communities, while GN2 networks contain communities and also functional modules. For both networks, the structure is controlled by a mixing parameter µ, µ ∈ [0, 1]. For µ = 0, all links are placed according to the planted modules, whereas the networks are completely random for µ = 1.
The results are shown in Fig. 15 . CP algorithm can accurately detect communities, while functional modules are identified as a single group of nodes. Interestingly, FP algorithm can reveal functional modules and also communities, however, the stability of the algorithm is rather challenged. DP algorithm performs reasonably well on both networks, although the results can be improved considerably (see HP algorithm).
